EXAMPLES OF NON-GAUSSIAN QUASI-INVARIANT
DISTRIBUTIONS IN HILBERT SPACE

BY
JACOB FELDMAN(!)

1. Introduction. Distributions on infinite-dimensional real linear spaces
were studied in [5] by I. E. Segal, in connection with quantum statistics. The
quasi-invariant (Definition 4) distributions in real Hilbert space can be used
to get representations of the commutation relations for dynamical systems
with infinitely many variables, as described in [6]. Irreducible representa-
tions are obtained if and only if the distribution is ergodic, in the sense of
Definition 5, and equivalent representations are obtained if and only if the
representations are equivalent in the sense of absolute continuity, Definition
2. Certain known ergodic quasi-invariant distributions are the Gaussian ones.
In the present paper are constructed classes of distributions which are not
equivalent, in the above sense, to Gaussian ones. This can be done quite easily
if one does not require that the distribution be ergodic (see Example 1 in §3),
and with more difficulty if ergodicity is demanded (Example 2).

The author is indebted to L. LeCam for referring him to the theorem used
to get Lemma 6.

2. Definitions and general remarks. Let S be a set, § a Borel field of sub-
sets. For some probability measure o on 8, let A denote the algebra of §-
measurable real-valued functions on S, modulo ¢-null functions. After [4],
we call such equivalence classes measuroids. Observe that there is an identifi-
cation between the nonnegative countably additive functions on the idem-
potents of A which send the identity to 1 and vanish on no nonzero idem-
potent, and the probability measures on 8§ which are equivalent to ¢. Such
measures we then call suitable to A. An algebra such as A we call a measuroid
algebra. Observe that A comes equipped with a topology, induced by almost
everywhere convergence of functions; and this topology is independent of the
particular (S, 8, o) from which A arose. Indeed, it can be described purely in
terms of the ordering in A. For details, see [4].

DEFINITION 1. A predistribution is a linear map 7 from a real linear space
X to a measuroid algebra A which generates A, in the sense that the poly-
nomials in {m(x) | xEX} are dense in A. A distribution m is a predistribution
i together with a choice of a suitable measure for A.

Thus a predistribution induces, in general, many distributions.
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DEFINITION 2. Two predistributions #: X—A and #': X—A’ will be
called equivalent, symbolically #w~m’, if there is an algebraic isomorphism ¢
from A onto A’ such that ¢((x)) =m'(x) for all x€X. Two distributions
will be called mutually absolutely continuous, symbolically m~m’, if their
predistributions are equivalent.

It should be noted that ¢ is then unique, since any isomorphism of meas-
uroid algebras is a homeomorphism, and since ¢ is determined on a dense
subset.

DEFINITION 3. Two distributions m, m’ will be called strongly equivalent,
symbolically m =m/, if

(1) m~m',

(2) the ¢ inducing the correspondence (1) enjoys also the following prop-
erty: for each bounded Baire function f of k real variables and each 4,, - - -,
ArEA, we have [f(4,, - - -, Ai)do=[f($(41), - - -, $(4r))do.

Nork. Baire functions of measuroids can be defined by first taking Baire
functions of measurable functions. This can be done by taking polynomials,
and then almost everywhere limits. Thus, f(4,, - - -, 4i) has an invariant
meaning with respect to A. Further, the integral has a meaning, obtainable
by first integrating a representative measurable function; and this is again
invariant (i.e. independent of how A arose as a measuroid algebra, but de-
pending only on the value of ¢ at idempotents of A). Facts and conventions
of this nature will hereafter be used without further explanation.

The following two lemmas are common knowledge and are included for
reference, together with a brief indication of proof.

LEMMA 1. Necessary and sufficient for m: X—(A, o) =m’: X—(A’, ¢') is
that, for each Baire set A in Euclidean k-space, and each x1, - - - , xs € X,

o({s| m(z)(s), - - -, m(x)(s)) € A})
= o({s'| ' (x)(s), - - -, M (m)(s) € A}).

Proof. Necessity is shown by choosing the function f in Definition 3 to
be the characteristic function of A. For sufficiency, ¢ must be constructed.
This is done by first defining it on the characteristic function of
{s| (m@)(s), - -+, m@x)(s)) €A} ; this is sent to the characteristic function
of {s’| (m (%) (s"), - - -, m'(xz) (s’))GA}. This correspondence sends ¢ to ¢’,
and extends uniquely to an algebraic isomorphism from A onto A’.

LEMMA 2. #i~ii' if and only if, for every A’-suitable measure o' there is an
A-suitable measure o such that (m, o) ~ (', o).

Proof. Necessity is shown by defining o(T) = f¢(xr)de’, when xr is the
characteristic function of T. Since ¢ induces a lattice-isomorphism between
the idempotents of A and those of A’, ¢’ is again a measure.

Sufficiency follows from Lemma 1.
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Hereafter, let the domain X of our distributions and predistributions be a
real Hilbert space. In the ensuing definitions, when an adjective is used to
describe a property of a predistribution, the same adjective will be used for
any distribution arising from that predistribution.

DEeFINITION 4. 7 will be called quasi-invariant if, for each yE X, the new
predistribution 7, obtained by setting 7, (x) = /i (x) + (x, ) isequivalent to 7.

REMARK 1. If m is a quasi-invariant distribution, and X, is a k-dimen-
sional linear subspace of X, then ml Xoinduces a measure on the Baire sets of
Euclidean n-space, as follows: choose a basis x3, - - -, x; for X and a coordi-
nate system in z-space, and assign to the Baire set A in n-space the measure

a({s] m(@)(s), - - -, m(za)()) € A}).

Quasi-invariance of m implies quasi-invariance of this #-dimensional measure
under translation. Thus, by a well-known theorem (see [3]), the measure is
equivalent to n-dimensional Lebesgue measure.

DEFINITION 5. 77 will be called ergodic if it is quasi-invariant, and if every
A EA for which ¢,(4)=A4 for all y (¢, being the isomorphism in the weak
equivalence between % and #4,) is a constant.

DEFINITION 6. A distribution m is called Gaussian if, for each xE X, m(x)
has a Gaussian “distribution function” in the sense of probability theory
(any nonnegative variance, any mean; variance 0 means m(x) is constant,
and will also be permitted).

DEFINITION 7. m is called normal with variance ¢ if it is Gaussian, and
Jm(x)m(y)do =c(x, y).

DEFINITION 8. m will be called completely factorable if there is an ortho-
normal basis {xj} for X such that the m(x;) are independent random vari-
ables, in the sense of probability theory. It was shown in [5] that a completely
factorable quasi-invariant distribution is ergodic.

3. Examples.

LeMMA 3. Let 01, 03 be mutually singular probability measures on S. Let
7(T) =(1/2)(01(T) +02(T)). Let Ay, A2, B be the measuroid algebras obtained from
01, 02, T respectively. Let w; be the map which assigns to an element of B its coarser
equivalence class in A;. Let = be the map A—mi(A) Om(A) CAL1DA..

(1) = is an isomorphism from B onto A, @ As.

(2) The subsets S; of A; are both dense if and only if #='(S;DS;) is dense
in B.

Proof. By mutual singularity, there are sets T3, T; in 8 such that ¢:(T})
=8, T'N\Ty= &, T\\JT,=S. Let P, be the r-equivalence class of the char-
acteristic function of T;. Then P, and P, are disjoint idempotents whose sum
is the identity, and 7; is one to one from BP; onto A;. Since 7; is a homomor-
phism, this shows that 7 is an isomorphism. Since 7-almost everywhere con-
vergence holds for $-measurable functions if and only if ¢;-convergence holds
for both o and o3, (2) now follows.
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We retain this notation in the following two corollaries.

COROLLARY 1. Let 7 be a linear map from X to B. Then wjo #, j=1, 2, are
both predistributions if and only if % is a predistribution.

Proof. The set of polynomials in the 7(x) has as its image under 7 pre-
cisely the direct sum of the sets of polynomials in the m o #(x) and the
2 0 #(x), so we can apply (2) of Lemma 3.

COROLLARY 2. If # is a predistribution, and m, 0 %, 2 O i are quasi-invari-
ant, then so is #.

Proof. For yEX, let ¢; be the automorphism of A; sending =; o 7(x) to
m; o fi(x) +(x, ¥). Then

A > 7Y p1(mi(4)) © ¢2(m2(4)))

is an automorphism of B sending 7(x) to 7(x)+(x, ¥).

Now, let A be the real line, S the set of all functions from an index set J
to A. To avoid fuss we make J countable, although this is not essential. Let
$ be the Borel field of sets generated by those of the form

T = {Sls(il) EAIy e ,S(j];)EAk},

A,, - - -, A; being Baire subsets of A. Let ¢° be a nonnegative probability
measure on the Baire subsets of A, and let ¢ be the measure induced on §
by setting ¢(T) =0¢°(Q,) - - - 0°(As). Assume [fAdo®(\) =0, and fAde°(\) =c,
¢ being a fixed positive number. Let \;(s) =s(j), so that \; is, for each j&J,
an $-measurable function, mean 0, variance ¢ (with respect to ¢ measure), and
)\, is independent of ;- for j=j'. We also use \; to denote the corresponding
measuroid, so that {¢=!/2\;|jEJ} is an orthonormal set in £1(c).

Now let X be a real Hilbert space with an orthonormal basis {x;|j€J},
and set m(x) = X_jes (%, x;)\;. The sum converges in £:(¢), and m is thus a
distribution, with fm(x)m(y)do =c(x, ¥).

ExaMmpLE 1. Takes as ¢° the measure on A for which

doa(N) 1
A (2w

6—)"’2".

Then o, is the normal distribution with variance ¢. If c#d, then, by [1], o.
and ¢4 are mutually singular. Let 7= (c.+04)/2, as in Lemma 3. Then the
distributions m,, mg4 obtained from o. and ¢4 as above give a distribution
m(x) =71 (m.(x) ®ma(x)) as in Lemma 3. m is quasi-invariant, but clearly
not ergodic, since the automorphism sending m(x) to m(x) 4+ (x, y) leaves the
projections Py and P, invariant (cf. the proof of Lemma 3). One can see
directly that for no Gaussian # is n~m, since, by [1], 7 would then have
to be either singular to g, or equivalent to it.
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ExaMPLE 2. The notation immediately preceding Example 1 is retained,
with ¢=1. Suppose the completely factorable m constructed there is quasi-
invariant, and suppose m~m’ for some Gaussian distribution m’. By Lemma
1, there is a measure oy on $ equivalent to ¢ such that the distribution m,
gotten by combining the predistribution of m with the measure o, is strongly
equivalent to m’.

LEMMA 4. The map x— [mi(x)doy is continuous.

Proof. Suppose x®—0. Then m(x®)—0 in £:(s). Thus, for some subse-
quence {k;} we have m(x®*?)—0 almost everywhere. So m;(x®*?)—0 almost
everywhere, since m and m; come from the same predistribution. In [1,
Lemma 6], it is shown that then fm,(x*9)dg;—0. So there is some y& X such
that fmi(x)dor=(x, y).

LEMMA 5. The map x—my(x) is continuous from X to £:(a1).

Proof. The map x—m(x)—(x, y) is continuous. But m(x) —(x, y) is
Gaussian, mean zero, so that convergence of x implies almost everywhere con-
vergence of mi(x)—(x, ¥) (see proof of Lemma 4), which implies £:(d1)-
convergence of mi(x) — (x, ¥), as shown in the discussion of Example 1 in
[5, p. 14]. Thus, the map x— (mi(x) — (x, y)) + (%, y) =m(x) is continuous.

Now let mo(x) =mi(x) — (x, ¥). Then m, is Gaussian, mean zero, and since
my is quasi-invariant we have mo~m,~m.

LEMMA 6. Let ff, k=1,2, - - - ; l=1, - - -, I(k) be identically distributed,
nonconstant, independent measurable functions on the probability space (R, ®, p).
Let af, c* be numbers such that D aff+c*—0 in measure as k— . Then

> akfe4-ck—0.

Proof. Since the ff are nonconstant there are numbers y>0, §>0 and 8
such that for all &, I we have

P{f|ff(') > 8+ v} and p{rlff(r) < B} are both = &.

Now, D ; afff+cF can be written ahft+gf, where g} and ff; are independent.
Then simple considerations of independence show that if a;f+g fluctuates
by less than Ia,"'y| on a set, this set must have measure <1—4. Thus a;—0
uniformly on I,.

Now, Remark 3 in [2, p. 134] gives conditions for convergence to 0. Con-

dition (1) there translates into
Zp{lal;ffl >e¢ +d-—0 for each ¢ > 0,
1

where
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d"=p{|c"|>e}=l if |c*| >
=0 if || Se

Then ¢*—0. Condition (2) gives

Saf, fdr—o.
o
But

R f:dp—-) 1 (where Ar = {r| a’fff(r) <ée})
4%

uniformly in , since af—0 uniformly in I Thus Y_; af—0.

COROLLARY. Let by be a finite sum Y vi;gigi+w, for certain measurable
Sfunctions g; with jointly Gaussian distributions of mean 0 and certain numbers
v:5, W (actually depending on k, of course, but this is suppressed in the notation).
Let hi—0 in measure. Then [hidp—0.

Proof. Choose an orthonormal basis for the linear subspace of £:(p)
spanned by the g;. Then the g; are finite linear combinations of these basis
elements, and the effect on the expression for A; is that one can assume with-
out loss of generality that the g; are orthonormal. And, of course, one can let
v;;=v;;. Now choose an orthogonal matrix U= (u,;) such that U(v;)U* is
diagonal. Then, letting g;= Y, ui;g;, we get h in the form ) a;z +w.

Now Lemma 6 can be applied, since [hdp is exactly Y a;+w.

Next, let {ci;|1, j€J} be a square-summable set of real numbers, and con-
sider the sum

Z ci(m(x)? — 1) + 2 com(x)m(z)).

i)
This converges in £3(c), since
{m(x)? — 1] €T} U {m(xym(z;) | i # j; 4,5 € J}

forms an orthogonal set in £;(¢): not normal, indeed, but with exactly two
nonzero norms occurring, which is equally good for our purpose. Thus there
is an increasing sequence J; of finite subsets of J, with Uy Ji:=J, and such
that the partial sums

se= 2 cim(x)t — 1) + 2 cim(xm(x;)

i€l 1,J€E %

are a Cauchy sequence in o-measure, and therefore also in oy-measure. By
the corollary to Lemma 6, we then have [(sx —s;)do1—0, so that



348 JACOB FELDMAN [May

> c.-.-( f mo(x.)2doy — 1) + 2 i | mo(xdmo(x;)de,

€Sy $,7€ ki i

converges as k— =, Since the signs of the ¢;; may be changed at will, the
series

> C.‘e( f mo(x;)%doy — 1) + X ey f mo(x:)mo(x;)doy
ieJ s,J€J
actually converges unconditionally. Then

2

t€J

2

+ X

t,5€J

2

< o,

f mo(x;)%doy — 1 f mo(x;)mo(x;)doy

This says that the operator my from X to £,(01) has the property that
mgmo—1I is a Hilbert-Schmidt operator. By [5], this implies that mo~mn,
where 7 is a normal distribution on X with variance 1.

Then m~mn, and so there is a measure 7 on 8§ which is equivalent to ¢, and
for which the coordinate functions \; are independent, mean 0, variance 1,
with Gaussian distribution functions. But a simple consequence of Kakutani’s
criterion for equivalence of infinite product measures says that can happen
only if A; has the same distribution with respect to o, i.e. if 7=0.

All that remains is to construct ¢° on A such that fdo®=1, fAda°(\) =0,
JA%da°(\) =1, and such that the ¢ obtained from it is quasi-invariant. A nec-
essary condition (cf. Remark 1) is that do®(\) =g2(\)d\ for some positive
Lebesgue square-integrable function g, with

(1) [eoan-1,
(2 f AgZ(\)d\ = 0,
3) f A2g2(\)d\ = 1.

(2) can be guaranteed by making g even, together with (3). Let G(u)
= (2m)~V2feMg(u)du. Let us assume further that

C)) fﬂ’| Glu) |?dn < =.

We now find the condition for quasi-invariance to be (using Lemma 2 and
Kakutani’s criterion)

™ H(fg()\ + c,.)g(x)dx) >0 if 3 | ¢i|2 < .

jeJ
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Plancherel’s theorem says

[ g0+ agoan = [ o] 626 | an,

so (*) becomes

II e‘“‘ile(,u)|du> 0 if z|6j|2< ©
j

JjEJ

Note that each factor is positive. We rewrite the product as

(1 - Zf sm"’( ) | G(u) lzdn>
Zf sin? <%c) | Gu) |2dp < -Z—zfuﬂ G(u) |*dn,

so the infinite product converges to a nonzero limit if EI c,~| 2L,

Now,
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